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A Kac-Moody group

G = SLy(F,((t 1)) is a group of Lie type over Fy((t 1))
Over Fy it is infinite dimensional (as a scheme)

This is a rank 2, affine Kac-Moody group
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Bass-Serre theory

Standard Borel and parabolics:

6={(2 1) estalralie ')
P1 = SLy(Fg[[t]])

({3 9) (&) esmacn)

X a graph:

¢ =0 mod (tl)}

» Vertices are all conjugates of P; and P,

» Edge P—Q when PN Q contains a conjugate of B



The tree X for g =2

See Ulrich Gortz’s website for a nice picture of this tree
http://www.math.uni-bonn.de/people/ugoertz/treel.ps


http://www.math.uni-bonn.de/people/ugoertz/tree1.ps
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Congruence graphs
Let g € Fg[t] with degree n

[ = SLy(FFy[t])
M(g) = {A € SLa(Fq[t]) | A=l mod g}

Xg = T(g)\X is a ramified covering of X
provided that it is connected

Xg is the coset graph of
H=T/T(g) =SLa(R)  for R =TF,[t]/(g)
wrt subgroups

MRS

a€ Ty, be R, deg(b) < i}




Schematic of X,
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Magma computations

We computed these graphs in Magma using:

» Matrix groups over finite fields
» Coset graph constructor (Dimitri Leemans)

» Graph theory (Brendan McKay, nauty)

We found all X; with less than 2'® — 1 vertices
and several larger ones



X, for g =2 and g(t) = t?

0o 0 0 0 0 0 0 0 0 0 0 0
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X, for g=2and g(t) =t
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Connectedness of X,

Theorem

Xg is connected for all g and all g € Fy[t]

Proof:
For a € R™:

(5.5) =) (20) (573 (06 (577) (Yr0) € (Ho Haa)

So all elementary matrices are in (Hg, H,—1)
So H= <H0, Hn,1>



The graph for PGL, (Morgenstern)

Let H = PGL,(R)
Take analogous subgroups Ho, Hy, ...
Let X, be the coset graph
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The graph for PGL, (Morgenstern)

Let H = PGL,(R)
Take analogous subgroups Ho, Hy, ...
Let X, be the coset graph

Proposition

Xg is disconnected iff q even and g is not squarefree.

Let g(t) = t"
Let Dg be the subgraph of cosets of Hy and H
Morgenstern claims this is a family of expanders (for each q)
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Problems

)N(g is the wrong graph

For I = PGL,([F[t]) and I'(g) its congruence subgroup:
r/T(g) = SLa(Fy[e])F/Z

where F:IF‘;< P11, Z:F;I2

The graph is isomorphic to X,

Some supposed expanders are actually disconnected



Components of D, and bg for g(t) = t"

q 2

n 2 3 4 5 6 7 8 9 10 11 12 13
C 1 22 23 25 26 28 29 211 212 214 215 217
E 21 23 24 26 27 21(] 211 213 214 217 218 22(]
q 2

n 15 16 17 18 19 20 21 22 23 24 25 26
C 220 221 223 224 226 227 229 230 232 233 235 236
E 224 225 227 228 231 232 234 235 238 239 241 242
q 4

n 2 3 4 5 6 7 8 9 10 11 12 13
C 1 1 1 1 1 1 1 1 1 1 1 1
E 22 22 24 24 26 26 28 28 210 21(] 212 212
q B 16 32 64
n 2 3 4 5 6 7 2 3 4 2 3 2
C 1 1 1 1 1 1 1 1 1 1 1 1
c 23 23 26 26 29 29 24 24 28 25 25 26
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Future directions

» General Kac-Moody algebras and groups
» Highest weight representations

» Modular forms



