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Introduction

Bernhard Hermann Neumann

My collaboracy number is 3
BHN — coauthored with Akbar Hussein Rhemtulla

A. H. Rhemtulla — coauthored with Chander Kanta Gupta
C. K. Gupta — coauthored with W. H.

| met BHN in 1993 in Galway
at Groups St. Andrews 1993
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Introduction

In 1991 | finished my Candidate of Science degree at Leningrad State
University under Nikolai A. Vavilov
"Subgroups of isotropic orthogonal groups”
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In 1991 | finished my Candidate of Science degree at Leningrad State
University under Nikolai A. Vavilov
"Subgroups of isotropic orthogonal groups”

After return to Gliwice

| changed my interests to combinatorial group theory.
At seminar we considered the simple
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Introduction

In 1991 | finished my Candidate of Science degree at Leningrad State
University under Nikolai A. Vavilov
"Subgroups of isotropic orthogonal groups”

After return to Gliwice

| changed my interests to combinatorial group theory.
At seminar we considered the simple

What is the order of Fy(var(S3))?
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Introduction

My friend Marek Zabka proved using computer calculations that

|Fo(var(S3))| <972
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Introduction

My friend Marek Zabka proved using computer calculations that

|Fo(var(S3))| <972

| proved by hand calculations that

|F2(var(S3))| = 972

| used one theorem of BHN and constructed all elements of F>(var(S3)).
It was a very "good” representation.
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Introduction

My friend Marek Zabka proved using computer calculations that

|Fo(var(S3))| <972

| proved by hand calculations that

|F2(var(S3))| = 972

| used one theorem of BHN and constructed all elements of F>(var(S3)).
It was a very "good” representation.

Problem

Choose random element of F;(var(S3)).
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1931 Doctorate in Berlin "Herr Doktor”
1933 August, moved to Cambridge
1933 — 1935 PhD student under Philip Hall
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"Identical relations in groups I.” Matematische Annalen 114(1937),
506-525.

The free groups of finite rank of a variety generated by a finite group G are
finite. In fact for n > 1 the order |F,(var(G))| divides |G||G|".
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"Identical relations in groups I.” Matematische Annalen 114(1937),
506-525.

The free groups of finite rank of a variety generated by a finite group G are
finite. In fact for n > 1 the order |F,(var(G))| divides |G||G|".

So we have the upper bound |F,(var(G))| < |G|I¢I".
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"Identical relations in groups I.” Matematische Annalen 114(1937),
506-525.

The free groups of finite rank of a variety generated by a finite group G are
finite. In fact for n > 1 the order |F,(var(G))| divides |G||G|".

So we have the upper bound |F,(var(G))| < |G|I¢I".

,8n} then Fy(var(G)) is generated in direct product

If G2: {1ag27g3a'--
GIGF by
hl:(1,g27-~-,gn,17g27---,gn7 """ 717g2)"'7gn)
h2:(1717"‘717g27g27"'7g27 """ 7gn7gn7--'agn)
&
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V(h17h2) =
(V(l’ 1)? V(g2v 1)a ooy V(gnv 1)7 V(17g2)7 V(g27g2)7 2009
v(8n,&2)s .-+ ,v(gn, &n))

so v(hy, ) =1if and only if v(g,g’) =1 forall g, g’ € G.
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Fy(var(S3))

The upper bound |F>(var(S3))| < 6% can be substantially reduced.
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Fy(var(S3))

The upper bound |F>(var(S3))| < 6% can be substantially reduced.
BHN showed that

h =((1,2),(1,2),(1,2,3),(1,2,3),(1,2,3),(1,2,3),1)

o = ((2,3),(1,2,3),(1,2),(1,2,3), (1,3,2), 1,(1, 2, 3))
generate Fr(var(S3)) in S3 x S3 X S3 X Az x Az x Az X As,
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Fy(var(S3))

The upper bound |F>(var(S3))| < 6% can be substantially reduced.
BHN showed that

h =((1,2),(1,2),(1,2,3),(1,2,3),(1,2,3),(1,2,3),1)

h, =((2,3),(1,2,3),(1,2),(1,2,3),(1,3,2),1,(1,2,3))

generate Fr(var(S3)) in S3 x S3 X S3 X Az x Az x Az X As,
S0

|Fa(var(S3))| divides 63 - 3%,
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Fy(var(S3))

The upper bound |F>(var(S3))| < 6% can be substantially reduced.
BHN showed that

h =((1,2),(1,2),(1,2,3),(1,2,3),(1,2,3),(1,2,3),1)

h, =((2,3),(1,2,3),(1,2),(1,2,3),(1,3,2),1,(1,2,3))

generate Fr(var(S3)) in S3 x S3 X S3 X Az x Az x Az X As,
S0

|Fa(var(S3))| divides 63 - 3%,

We note
972 =62.33=22.3%
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Metabelian groups

W. Magnus suggested that BHN's bound for S3 could be further improved,
and possibly generalized.
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Metabelian groups

W. Magnus suggested that BHN's bound for S3 could be further improved,
and possibly generalized.

This suggestion was the starting point for the paper:

B. Fine "The free groups in the dihedral variety” Arch. Math. 46 (1986),
193-197.
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Metabelian groups

W. Magnus suggested that BHN's bound for S3 could be further improved,
and possibly generalized.

This suggestion was the starting point for the paper:

B. Fine "The free groups in the dihedral variety” Arch. Math. 46 (1986),
193-197.

Since D3 ~ S3, he considered |Fy(var(Dy,))| where D, is dihedral group of
order 2m, m > 2.

Dm =< a,b|la* = b™ = (ab)*> =1 >
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Metabelian groups

If m is odd, Fy(var(Dm)) has order dividing 2k - m(k=1)2"+1,
If m is even, Fy(var(Dy)) has order dividing 2 - (m/2)(k*1)2k+1.
If m =2, Fi(var(Dp)) = (Z2)k.
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Metabelian groups

If m is odd, Fy(var(Dm)) has order dividing 2k - m(k=D)2"+1,
If m is even, Fy(var(Dp,)) has order dividing ok . (m/2)(k*1)2k+1.
Ifm= 2, Fk(var(Dm)) = (Zg)k.

If p is an odd prime, |F>(var(D,))| =4 - p°.
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Metabelian groups

L. G. Kovacs "Free groups in a dihedral variety” Proc. Royal Irish Acad.
89A, No 1(1989), 115-117.

Kovacs found a formula for the orders of the finite rank free groups of the
variety generated by an arbitrary finite dihedral group.
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Metabelian groups

L. G. Kovacs "Free groups in a dihedral variety” Proc. Royal Irish Acad.
89A, No 1(1989), 115-117.

Kovacs found a formula for the orders of the finite rank free groups of the
variety generated by an arbitrary finite dihedral group.

If D is a dihedral group of order 29%1 . e (with e odd), then F,(var(D)) has
order 27+ . e" where r' = (r + 1)2" + 1 and

s:g(d+l—t)(t—l)<rt1>

The relevant conventions are that s = 0 when d < 2 and the binomial
coefficient vanishes when t > r + 1.
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Metabelian groups

If d <2 then var(D) = A2As.
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Metabelian groups

If d <2 then var(D) = A2As.

If d > 2, then var(D) = Ae2p V (Aya—12o A Ny).
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Metabelian groups

If d <2 then var(D) = A2As.
If d > 2, then var(D) = Ae2p V (Aya—12o A Ny).

For example:
var(Qg) = var(Ds) = 2525 A Ns.
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Symmetric polynomials

Symmetric polynomials in three variables:
X+ y+z, xy + xz+ yz, xyz — elementary symmetric polynomials
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Symmetric polynomials

Symmetric polynomials in three variables:
X+ y+z, xy + xz+ yz, xyz — elementary symmetric polynomials

All other symmetric polynomials can be constructed with use of above
polynomials.

Here we have addition and multiplication (rings).
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Symmetric polynomials

Symmetric polynomials in three variables:
X+ y+z, xy + xz+ yz, xyz — elementary symmetric polynomials

All other symmetric polynomials can be constructed with use of above
polynomials.
Here we have addition and multiplication (rings).

Restrict our considerations to addition only (abelian groups).
So general 'polynomial’ has a form:
X+X+...+x+y+y+...+y+z+z+...+z=kx+ ky+ ksz

where ki, ko, k3 are integers.
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Symmetric polynomials

Symmetric polynomials in three variables:
X+ y+z, xy + xz+ yz, xyz — elementary symmetric polynomials

All other symmetric polynomials can be constructed with use of above
polynomials.
Here we have addition and multiplication (rings).

Restrict our considerations to addition only (abelian groups).
So general 'polynomial’ has a form:
X+X+...+x+y+y+...+y+z+z+...+z=kx+ ky+ ksz

where ki, ko, k3 are integers.

Such polynomial is symmetric if and only if k1 = ko = ks,
i.e. has a form k(x + y + z) for some integer k.
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Symmetric words

Definition

An n-ary word v is called n-symmetric word for a group G if

V(g17g27 oo agn) - V(go'(l)7g0'(2)7 000 7ga(n))

for all g1,...,g, € G and all permutations o € S,,.
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Symmetric words

G - the group
var(G) - the variety generated by G.
Fn(var(G)) - the free group in var(G) generated by xi, ..., x,.
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Symmetric words

G - the group
var(G) - the variety generated by G.
Fn(var(G)) - the free group in var(G) generated by xi, ..., x,.

The mappings a, : xj — x,(j) for all i € Nand all o € S,
induce a subgroup A in Aut(F,(var(G)).
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Symmetric words

G - the group
var(G) - the variety generated by G.
Fn(var(G)) - the free group in var(G) generated by xi, ..., x,.

The mappings a, : xj — x,(j) for all i € Nand all o € S,
induce a subgroup A in Aut(F,(var(G)).
We put

SM(G) = {v € Fy(var(G)) : a(v) = v for all a e A}
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Symmetric words

G - the group
var(G) - the variety generated by G.
Fn(var(G)) - the free group in var(G) generated by xi, ..., x,.

The mappings a, : xj — x,(j) for all i € Nand all o € S,
induce a subgroup A in Aut(F,(var(G)).
We put

SM(G) = {v € Fy(var(G)) : a(v) = v for all a e A}

S(M(G) - the group of fixed points of A, the group of n-symmetric words
for G.
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Symmetric words

1) G = Fy - free of rank k
S(M(G) is trivial for n > 1 and infinite cyclic for n =1

2) G - abelian
v=x;t.. L x2n
soveS(G)iffv=x?..x2=(x1...xy)?
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Symmetric words

Known results:

for all n

— nilpotent of class < 3

— free nilpotent of class 4.

— nilpotent of class 4 (2-isolated)
n=2,3

— free metabelian

— free metabelian + nilpotency class ¢
n=2

— free soluble of class ¢

— free nilpotent class c-by-abelian

— free centre-by-metabelian

E. Ptonka, S. Krstic, O. Macedonska, W. Tomaszewski, C. K. Gupta, WH,
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Symmetric words in finite groups

G — finite = S("(G) — finite
G — of finite exponent = S("(G) — nontrivial
(g1g5 1) =1

If k = 2s then (g1, *)° = (g287 )"
If k=254 1 then (g1g2_1)sg1 = (g2g1_1)5g2.
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Symmetric words in finite groups

In 1993 | discovered the so-called

REAL-LIFE Tits" alternative:
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Symmetric words in finite groups

In 1993 | discovered the so-called

REAL-LIFE Tits" alternative:

price(IBM PC compatible) = price(new FIAT 126) =A pounds
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Symmetric words in finite groups

In 1993 | discovered the so-called

REAL-LIFE Tits’ alternative:
price(IBM PC compatible) = price(new FIAT 126) =A pounds

My financial resources = A pounds
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Symmetric words in finite groups

| n] Gn | 1Gal [ 1G]] | exp(Gp) | |Fy(var(Gp))| | Al
1| S3~Ds 6 3 6 972 =2°.3° 33
2 Dy 8 2 4 32=2° 2
4 Ds 10 5 10 12500 = 22 - 5° 53
6 Ay 12 4 6 9216 = 210. 32 2
7] <2,2,3> | 12 3 12 3888 = 2% .3 9f
8 D, 14 7 14 67228 = 22 . 7° 7
11 Dqg 16 4 8 1024 = 210 24
12 <—242>| 16 | 4 8 1024 = 210 24
13| <2,212> | 16 2 8 128 = 2/ 2
17| <2,2,4> | 16 | 4 8 1024 = 210 24
19 Dy 18 9 18 236196 = 22 - 310 3°
20 | ((3,3,3;2)) | 18 | 9 6 972 =22.3° 33
22 F>1-1 20 5 20 12207031250000 = 2% - 517 | 5L
23] <2,2,5> | 20 5 20 50000 = 2% . 5° 53
24 21 7 21 2542277241 = 3° . 710 7
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Symmetric words

il Gn |G| | [Gal | exp(Gn) |Fa(var(Gn))| Al
25 D11 22 | 11 22 644204 = 22 . 11° 113
28 Cs x Dy 24 2 12 288 = 2°.3° 2
30 Cs x D3 24 | 3 12 3888 = 2% .3 33
32 D1> 24 | 6 12 7776 = 2°.3° 2.33
33 Ss 24 | 12 12 815372976 = 22° . 3°
34| <2,3,3> | 24 | 8 12 1179648 = 217 .32
35 [ (4,6]2,2) | 24 | 6 12 7776 = 2°.3° 2.33
36 | <—2,2,3> 1] 24 | 3 24 15552 = 26 .3% e
37 | <2,2,6> | 24 6 12 7776 = 2°.3° 2.3°
38 D13 26 | 13 26 1485172 = 22 . (13)° | 133
39 | (3,3[3,3) 27 | 3 3 27 =3° 3
40 27 3 9 243 = 3° 3
42 <2,2,7> | 28 | 7 28 268912 = 24 . 7° 7
43 Gz x Ds 30 5 30 112500 = 22 .32.5° 53
44 Cs x D3 30 3 30 24300 = 2%2.3%.52 33
45 Dis 30 | 15 30 3037500 =22+ 3> .5° |33 053
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Symmetric words in finite groups

1) S@)(D,) ~ C, x D, (p-prime) E. Ptonka
Dgp ~ C2 X Dp

2) SM(Qs) = {1,x,x2,x%}
SA(Qs) = {1, x%2, [x, y]. x*y[x, y]} ~ V4 (Klein group)
5(")(08) ~ 5(2)(Q8)

3) S@(A) ~ ()"
4) SO(C3 x Dy) ~ G x G x C3

5) 4) S (Cy x D3) ~ C3x < 2,2,3 >
12
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Application to infinite groups

In a finitely generated group every subgroup of finite index contains a
verbal (fully invariant) subgroup of finite index.
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Application to infinite groups

In a finitely generated group every subgroup of finite index contains a
verbal (fully invariant) subgroup of finite index.

Proof: Lemma Poncaré: In a group every subgroup of finite index contains
a normal subgroup of finite index.
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Application to infinite groups

In a finitely generated group every subgroup of finite index contains a
verbal (fully invariant) subgroup of finite index.

Proof: Lemma Poncaré: In a group every subgroup of finite index contains
a normal subgroup of finite index.

Let G = a(Fx) be a presentation of G, N<1 G, [G : N] < o0, S = a"1(N).
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Application to infinite groups

In a finitely generated group every subgroup of finite index contains a
verbal (fully invariant) subgroup of finite index.

Proof: Lemma Poncaré: In a group every subgroup of finite index contains
a normal subgroup of finite index.

Let G = a(Fx) be a presentation of G, N<1 G, [G : N] < o0, S = a"1(N).

Claim: S is of finite index in Fy
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Application to infinite groups

In a finitely generated group every subgroup of finite index contains a
verbal (fully invariant) subgroup of finite index.

Proof: Lemma Poncaré: In a group every subgroup of finite index contains
a normal subgroup of finite index.

Let G = a(Fx) be a presentation of G, N<1 G, [G : N] < o0, S = a"1(N).

Claim: S is of finite index in Fy
The free group of the variety var(Fy/S) is finite (BHN)
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Application to infinite groups

In a finitely generated group every subgroup of finite index contains a
verbal (fully invariant) subgroup of finite index.

Proof: Lemma Poncaré: In a group every subgroup of finite index contains
a normal subgroup of finite index.

Let G = a(Fx) be a presentation of G, N<1 G, [G : N] < o0, S = a"1(N).

Claim: S is of finite index in Fy

The free group of the variety var(Fy/S) is finite (BHN)
Fi/S is a factor group of this free group.

Hence Fy(var(Fi/S)) ~ Fi/V

V is a verbal subgroup of finite index in Fx and V C S.
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Application to infinite groups

In a finitely generated group every subgroup of finite index contains a
verbal (fully invariant) subgroup of finite index.

Proof: Lemma Poncaré: In a group every subgroup of finite index contains
a normal subgroup of finite index.

Let G = a(Fx) be a presentation of G, N<1 G, [G : N] < o0, S = a"1(N).

Claim: S is of finite index in Fy

The free group of the variety var(Fy/S) is finite (BHN)

Fi/S is a factor group of this free group.

Hence Fy(var(Fi/S)) ~ Fi/V

V is a verbal subgroup of finite index in Fx and V C S.

Then a(V) is a verbal (fully invariant) subgroup, [G : (V)] < oo and
a(V) CafS) =N.
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