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Abstract

In this talk we count the numbers of regular semisimple elements and
primary classes of GL(n, q). The approach used here depends
essentially on partitions of positive integers < n. We give the numbers
of regular semisimple elements and primary classes of GL(n, q) for
ne{1,2,---,6} and see that the number of regular semisimple
elements is an integral polynomial in g, while the number of primary
classes is a rational polynomial in g.

Ayoub Basheer, University of Khartoum Groups St Andrews, University of Bath, England



Abstract
Conjugacy Classes of GL(n, q)
Regular Semisimple Elements and Primary Classes of GL(n, q

The Group GL(n, q)

@ The General Linear Group GL(V) is the automorphism group of a
vector space V.

@ If Vis a finite n—dimensional space defined over a filed F, then
GL(V) is identified with GL(n, F).

@ We restrict ourselves to the case IF = Iy, the Galois Field of q
elements, and we denote GL(n,Fq) by GL(n, q).

n—1

o [GL(n,q) = [](a" - d").
k=0
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Conjugacy Classes of GL(n, q)

d

o Letf(t)=> ait’ € Fqlt], ag=1. The d x d companion matrix
i=0
U(F) = Uy (F) of £(1) is

0 1 0 0
0 0 1 0
Ui (f) = :
1
—d —a& —a —ad—1
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Conjugacy Classes of GL(n, q)

@ Forany m € N, let Un(f) be the md x md matrix of blocks

Ui(f) Iy 0 0

0 Ui(f) g 0
Un(f) = :

: : : . ly

0 0 0 o WD

@ If A= (N1, A2, , A\x) b nis a partition of n, then U,(f) is defined
k

to be Uy(f) = @ Uy, ().
i=0
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Conjugacy Classes of GL(n, q)

Theorem 1 (The Jordan Canonical Form)

Let A € GL(n, q) with characteristic polynomial f = f'f;2 - - - fZ*,
where f;, 1 < i < k are distinct irreducible polynomials over Fq[t] and
z; Is the multiplicity of f;. Then A is conjugate to a matrix of the form

k
@ U, (f;), where v; - z;.
i=1

@ Thus any conjugacy class of GL(n, q) is parameterized by the
data of sequences ({f;},{d;},{z}, {vi}), where for 1 <i < k,
k

> zidi=n, v+ z, f; € Fq[t] is irreducible with 9f; = deg(f;) = d.
i=1
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Conjugacy Classes of GL(n, q)

@ The integer k is called the length of the data.
© Two data ({f;}, {di}, {z}, {vi}) and ({gi}, {ei}, {wi}, {ni}) with
lengths k and k' respectively parameterize the same conjugacy
class if k = k' and 3 & € Sy such that
Wi = Z,(jy, € = dy(j), i = Vo(iy and gi=f;, Vi

@ Two classes of GL(n, g) parameterized by the above data are said
to be of the same typeif k = k' and 3 o € Si such that

Wi = Zy(j), € = dy(jy aNd  p1j = v4(j)
(gi and f; are allowed to differ).
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Conjugacy Classes of GL(n, q)

Definition 2

Let ¢ be a conjugacy class given by ({f;},{d;},{z;}, {vi}) with length k,
then

@ ciscalled primary class if and only if k = 1.
©Q cis called regular classif and only if I(v;) <1, V1 <i < k.
© cis called semisimple class if and only if I(v;') <1, V1 <i < k.

Q cis called regular semisimple class if it is both regular and
semisimple. Alternatively, a class is regular semisimple if and only
ifri=1,VvV1<i<k.
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Size of Conjugacy Classes of GL(n, q)

o Let ¢,(t) H(1 —1). For A = (A1, A, --- , Ak) F n, where each );

appears my, times, set ¢, (t H¢mA

I\
@ Also if X' is the conjugate partition of A, let n(A) = >

@ Now if Ae c = ({z},{d},{vi}, {fi}), then by Green [2], we have
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Size of Conjugacy Classes of GL(n, q)

k
|Caring)(A) = [ [ g¥=+2ntDg, (g=). (1)
i=1
It follows that
n—1 k
1Cal = (] (a" — a%))/ [[ ¥ 270D, (g=%). 2)
s=0 i=1
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Number of Regular Semisimple Elements of GL(n, q)

Counting the number of the regular semisimple elements of GL(n, q)
relies on

@ calculating the number of regular semisimple types,

@ calculating the number of classes contained in each of the regular
semisimple types,

@ calculating the number of elements contained in each of the
regular semisimple classes.
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Number of Regular Semisimple Types

Proposition 3

There is a1 — 1 correspondence between the types of classes of
regular semisimple elements of GL(n, q) and partitions of n.

PROOF. A regular semisimple class of GL(n, g) must have the form
¢ = ({fi}, {di}, {1}« times: {1}« times)- Thus all regular semisimple

classes of the same type define the partition (dy, d>,--- , dk) - n.
Conversely, it is easy to show that any partition
A= (M, A2, -+, Ak) F ndefines a type of regular semisimple classes,

where a typical class ¢ will have the form
c= ({fl}a {)‘/}7 {1 }k times> {1 }k times)a 1 < i < k. Hence the result. u
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Number of Regular Semisimple Classes of GL(n, q)

@ It turns out that we may denote any type of regular semisimple
classes of GL(n, q) by 7> and a typical class by ¢* without any
ambiguity.

@ Consider the other representation of any partition
A= (M, A2, -, Ak) F nnamely A = (1122... n™) I n, where
ri e NU{0}.

@ Recall that by a result of Gauss (see Lidl and Niederreiter [3]), the
number of irreducible polynomials of degree i over [ is given by

i(q) =1 u(d)ge, where u is the Mcbuis function.
dli
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Number of Regular Semisimple Classes of GL(n, q)

Proposition 4

The number of regular semisimple classes of type \, which we denote
by F()), is given by

o (1o ) / (110).

ri—1
where if r; — 1 < 0, then the term [ [ ((q) — s) is neglected.
s=0
PROOF. See Proposition 5 Moori and Basheer [4]. u
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Number of Regular Semisimple Elements of GL(n, q)

Proposition 5

Let ¢ be a regular semisimple class, where A = (A1, Az, -+, A\x) F n.

Then
n—1 k
& = (H(q”—qs)>/<l_[(qk’—1))-
s=0 i=1

PROOF. Letg € ¢ = ({f} {)‘ } {1}k times> {1}k t|mes) Since
vi=1, V1 < < k, we obtain by substituting in equation (1) that

k

k
Corng@) = [[q"é1(@™) Hq* (‘1) 1@ - .
i=1

i=1

The result follows by equation (2). u
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Some Corollaries (Moori and Basheer [4])

@ For any positive integer n, two partitions namely,
A=(1,1,---,1)F nand o = (n) - n are of particular interest.
———

n times
@ With g > n, we have F(\) = (‘H)(q}?!)"-(q*n) and

Flo) =1 u(d)qs.

d|n
\ n(n—1) n-1 i , n(n—1) -t i
@ We have |c*| =g 2 > dand|c’|=q =z [](d-1)
i=1 j=0 =1
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The Main Theorem: Number of Regular Semisimple
Elements of GL(n, q)

Theorem 6

With X = (A, A2, -+, A\g) =112%2...n" forr; € NU {0}, the number of
regular semisimple elements of GL(n, q) is given by

n—1 n ri—1
[T@ =T TI0(a) —s)
s=0 i=1s=0
; k N n ’
[T@ -]
i=1

i=1

PROOF. Follows from Propositions 3, 4 and 5. u
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Example

@ Consider GL(4, q). Corresponds to (2,2) = 22 |- 4, we have

4 ri—1 n
F(2?) = (HH 1(q) s)/<l‘[m> - q(q2—18)(q—2).
} i=1

D] = P =qq - 1)(F + )G - ).

@ Hence there are ‘77("4_1)(‘73_81)("_1)(‘7_2) regular semisimple
elements of type (2, 2).
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Example

@ Repeating the previous work to the other four partitions of 4, we
get a total number of regular semisimple elements of GL(4, q)
given by

9 29"+ ¢ +q'2—2¢"°— ¢° — ¥+ 29" + ¢°.
@ For example the group GL(4,5), which is of order

116,064,000,000 has 9,299,587,000 regular semisimple elements.

@ In Table 2 of Moori and Basheer [4] we list the number of types,
conjugacy classes, elements in each conjugacy class of regular
semisimple elements of GL(n,q) forn=1,2,3,4,5,6.

@ The number of regular semisimple elements of GL(n, q) for
n=1,2,3,4,5,6 is an integral polynomial in q.
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Number of Primary Classes of GL(n, q)

ith
length k is primary if and only if k = 1. Thatis ¢ = (f, d, 5, v) for

some f € F<p with degree d, d|n,and v I J.

@ Recall that a class ¢ = ({f;},{d;},{z}, {vi}) of GL(n,q)
(

Qls E

The number of primary classes pc(n, q) of GL(n, q) is given by

pe(n,g) => |73 ), where P(j) is the set partitions of j.
din

PROOF. For fixed d and any v - § we have Iy(q) irreducible
polynomials f of degree d, that defines a primary class. Hence there
are |P(4)| - la(q) classes defined by the fixed integer d and partitions
of 5. The result follows by letting d runs over all divisors of n. u
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pc(n,q)forn=1,2--.- 6 and any q

Table: Number of primary classes of GL(n,q), n=1,2,3,4,5,6.

n|l pc(n, q) [
1 (g-1)

2 (° +3g—4)/2
3 (° +8q—-9)/3
4
5
6

(g* +3¢%° + 16 — 20)/4
(g° + 349 —35)/5
(q® +3¢° + 8¢° + 549 — 66)/6
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Some Corollaries (Moori and Basheer [4])

@ There are exactly In(q) = %Zu(d)qg primary regular
d|n
semisimple classes of GL(n, q).

@ If n=p' is a prime integer (whether p’ = p, the characteristic of

Fq or not), then there are /,(q) = qpp,_q primary regular
semisimple classes of GL(p', q).

/

2 , p -2 '
o We have [¢™ 7 "(qP — 1) H (@ —1) /p’ primary regular
i—1

semisimple elements of GL(p', q).
@ The group GL(p', q) has exactly

(@° +(P|P(P) —1)g—p'[P(p)])/P primary conjugacy classes.
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