=

Engel Elements in Groups

Alireza Abdollahi

Department of Mathematics
University of Isfahan

Isfahan, Iran

Groups St Andrews - 13th August 2009

Al

-

ireza Abdollahi — Enael Elements in Groups — D. 1/-



Left Normed Engel Commutators

- .



Left Normed Engel Commutators

-

Let z and y be elements of a group.

=

o -

Alireza Abdollahi — Enael Elements in Grouns — p. 2/-



Left Normed Engel Commutators

-

Let z and y be elements of a group.

=
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Let z and y be elements of a group.
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Left Normed Engel Commutators
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Let z and y be elements of a group.

=

e n-Engel left-normed commutator [z, y] of the pair (z,y)

z0Yy] =,

way] = [r,y) = a7y ey = a7 Y,
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Left Normed Engel Commutators

-

Let z and y be elements of a group.

=

e n-Engel left-normed commutator [z, y] of the pair (z,y)

z0y| =,
way] = [r,y) = a7y ey = a7 Y,

[z y] = [[Tm1yl,y] forall n>0.
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Right Normed Engel Commutators
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e n-Engel right-normed commutator [,y, x| of the pair (z, y):
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Right Normed Engel Commutators
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e n-Engel right-normed commutator [,y, x| of the pair (z, y):

[Oya CC] — €,
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Right Normed Engel Commutators

=

e n-Engel right-normed commutator [,y, x| of the pair (z, y):
[Oya CC] — X,

ny, z] = |y, [n—1y, 2],

o -

Alireza Abdollahi — Enael Elements in Grouns — p. 3/-



Right Normed Engel Commutators

=

e n-Engel right-normed commutator [,y, x| of the pair (z, y):
[Oya CC] — X,

ny, z] = |y, [n—1y, 2],

g™ oz = [y, z].
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Right Normed Engel Commutators

=

e n-Engel right-normed commutator [,y, x| of the pair (z, y):
[Oya CC] — X,

ny, z] = |y, [n—1y, 2],

y"™ oz = [uy, 2]
A “good” fact

n

[ny,x] — [ajm y—l]y :
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Engel Setsdefined by Left Normed commutators
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et G be any group.
LG)={xe€ G |VgeGInl|gnz]=1}
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et G be any group.
LG)={xe€ G |VgeGInl|gnz]=1}
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Engel Setsdefined by Left Normed commutators
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et G be any group.
LG)={xe€ G |VgeGInl|gnz]=1}

RG)={re€eG|Vge GInlr,,g] =1}
Lp(G)={x€G|VgeCGlgra]| =1} k=1
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Engel Setsdefined by Left Normed commutators

L

et G be any group.
LG)={xe€ G |VgeGInl|gnz]=1}

RG)={re€eG|Vge GInlr,,g] =1}
Lpy(G)={2xe€G|VgeGlgrz]=1} k>1

(G)
Rp(G)={r€G|VgeGlrrgl=1} k>1
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et G be any group.

L(G)={reG|VgeG3anlg,z]=1}

RG)={re€eG|Vge GInlr,,g] =1}

Ly(G)={r€G|VgeCG[gra]=1} k>1
R(G)={r € G|VgeGlrrgl=1} k>1
Li(G) C La(G) C -+ C Ly(G) € --- C L(G)
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Engel Setsdefined by Left Normed commutators

L

et G be any group.
LG)={z€eG|Vge GInl|gnz]=1}

RG)={re€eG|Vge GInlr,,g] =1}
G

h

HG)={reG|VgeGgrr]=1} k>1
Ri(G) = {xEG!VgEG[x gl =1} k>1
Li(G) € Ly(G) € --- € Ln(G) € --- € L(G)
Ri(G) € Ry(G) C -+ C Ra(G) C -+ C R(G)
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Engel Setsdefined by Left Normed commutators

L

et G be any group.

L(G)={reG|VgeG3anlg,z]=1}

RG)={re€eG|Vge GInlr,,g] =1}

Ly(G)={z € G|Vg € G [gra] =1} k>1
Rk(G):{xEG]VgEG[x gl =1} k>1
Li(G) € Ly(G) € -+ C Lo(G) C -+ € L(G)
R1(G) € Ry (G) C Rn(G) € --- € R(G)
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Engel Setsdefined by Left Normed commutators

-

Let G be any group.
LG)={xe€ G |VgeGInl|gnz]=1}

RG)={xeG|YgeGInx,,g] =1}
Lpy(G)={2xe€G|VgeGlgrz]=1} k>1
G)={xeG|VgeGlrgl=1} k>1
C---CL,(G)C--- CLIG)
C -+ C Ry(G) C--- C R(G)

()
(G) =

=
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Engel Setsdefined by Right Normed commutators
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Engel Setsdefined by Right Normed commutators

fBaer 1957: T

(G)L={r € G|Vg e GIn |px,9] =1}
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Engel Setsdefined by Right Normed commutators

fBaer 1957: T

(G)L={r € G|Vg e GIn |px,9] =1}

(G)R={ze€G|VYge G3In|pg,z]=1}
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Engel Setsdefined by Right Normed commutators

fBaer 1957: T

(G)L={r € G|Vg e GIn |px,9] =1}

(G)R={x € G|Vge GIn |pg x| =1}
Similarly
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Engel Setsdefined by Right Normed commutators

fBaer 1957: T

(G)L={r € G|Vg e GIn |px,9] =1}

(G)R=Ax € G|Vge GIn|pg,x] =1}
Similarly

(G)Lp ={2z € G|Vg € G [z, g] =1}

(G)Rr ={z € G |Vg e |pg,2] =1}
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Engel Setsdefined by Right Normed commutators

fBaer 1957: T

(G)L={r € G|Vg e GIn |px,9] =1}

(G)R={x € G|Vge GIn |pg x| =1}
Similarly

(G)Lp ={2z € G|Vg € G [z, g] =1}

(G)R ={z € G |Vg € G [gg,2] =1}
By the identity [,y, z] = [z,, vy~ ']Y", we have
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Engel Setsdefined by Right Normed commutators

fBaer 1957
(G)L={r € G|Vg e GIn |px,9] =1}

(G)R={x € G|Vge GIn |pg x| =1}
Similarly

(G)Lp ={2z € G|Vg € G [z, g] =1}

(G)R ={z € G |Vg € G [gg,2] =1}
By the identity [,y, z] = [z,, vy~ ']Y", we have

(G)L=L(G)™"  (G)Lx = Ly(G)™"

- (G)R=R(G) (G)Ry = Ry(G)
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Engel Setsdefined by Right Normed commutators

fBaer 1957
(G)L={r € G|Vg e GIn |px,9] =1}

(G)R={x € G|Vge GIn |pg x| =1}
Similarly

(G)Lp ={2z € G|Vg € G [z, g] =1}

(G)R ={z € G |Vg € G [gg,2] =1}
By the identity [,y, z] = [z,, vy~ ']Y", we have

(G)L=L(G)™"  (G)Lx = Ly(G)™"

- (G)R=R(G) (G)Ry = Ry(G)
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Right & Left Interactions
=

Baer’s question 1957:



Right & Left Interactions
-

Baer’s question 1957:

Is (G)R C (G)L"?



Right & Left Interactions
-

Baer’s question 1957:
Is (G)R C (G)L?

Equivalently, is R(G) C L(G)~1?



Right & Left Interactions
B

s (G)R C (G)L?

aer’'s question 1957:

Equivalently, is R(G) C L(G)~1?

Heineken 1960: Yes. For any group G-
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Right & Left Interactions
B

s (G)R C (G)L?

aer’'s question 1957:

Equivalently, is R(G) C L(G)~1?
Heineken 1960: Yes. For any group G-

R(G) C L(G)!
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Right & Left Interactions
- o

aer’'s question 1957:
Is (G)R C (G)L?
Equivalently, is R(G) C L(G)~1?
Heineken 1960: Yes. For any group G-
R(G) C L(G)~!

R, (G) C L1 (G)~1 for all integers n > 1.
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Right & Left Interactions
- o

aer’'s question 1957:
Is (G)R C (G)L?
Equivalently, is R(G) C L(G)~1?
Heineken 1960: Yes. For any group G-
R(G) C L(G)~!
R, (G) C L1 (G)~1 for all integers n > 1.

R(G) C L(QG).
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Proof of Heineken’s result



Proof of Heineken'’s result

Let z, g In a group and n > 1 an integer.



Proof of Heineken'’s result

Let z, g In a group and n > 1 an integer.
[ZC,n_|_1 g] — Hxvg]a’n g} — [x_lg_lxga’n g]



Proof of Heineken'’s result

Let z, g In a group and n > 1 an integer.
[ZC,n_|_1 g] — Hxvg]a’n g} — [x_lg_lxga’n g]



Proof of Heineken'’s result

Let z, g In a group and n > 1 an integer.
[aja’rH—l g] — Hmag]a’n g} — [aj_lg_lxga’n g]
= [(¢71) gma] = [[(s7") 9, 9] m-14]



-

Let z, g In a group and n > 1 an integer.

[37 n+1 g] [37 g] n g} [x_lg_lxgm g]

Proof of Heineken'’s result

=[(97") 9ma] = [[(¢7") 9, 9] n-19]
=[[(¢7)" 9] m-19] = [(¢7") s g]’



Proof of Heineken'’s result

Let z, g In a group and n > 1 an integer.

Zmt19] = [z, 9lmg] =27 g zgn g
=[(¢7) 9mg] = [[(s7") 9. 9)m—1]
=[[(¢7")" 9] 19 = [(67") " n g’

Therefore
[xan+1 g] — [(9—1):6% g}g

foralln >1andall x,g € G.



Proof of Heineken'’s result

Let z, g In a group and n > 1 an integer.
[aja’rH—l g] — Hxag]m g} — [x_lg_lxga’n g]
= [(¢71) gma] = [[(s7") 9, 9] m-14]

=[[(¢7)" 9] m-19] = [(¢7") s g]’
Therefore

Tl =[(g7") ]’

foralln >1andall x,g € G.
If g1 € R(G),

o



Proof of Heineken'’s result

Let z, g In a group and n > 1 an integer.
[aja’rH—l g] — Hxag]m g} — [x_lg_lxga’n g]
= [(¢71) gma] = [[(s7") 9, 9] m-14]

=[[(¢7)" 9] m-19] = [(¢7") s g]’
Therefore

Tl =[(g7") ]’

foralln>1andall x,g € G.
If g~1 € R(G), then (¢71)" € R(G) forany z € G

o



Proof of Heineken'’s result

Let z, g In a group and n > 1 an integer.
[xa?”H—l g] — Hxag]fn g} — [x_lg_lxgan g]
= [(¢71) gma] = [[(s7") 9, 9] m-14]

=[[(¢7)" 9] m-19] = [(¢7") s g]’
Therefore

Tl =[(g7") ]’

foralln>1andall x,g € G.
If g~1 € R(G), then (¢71)" € R(G) forany z € G
(all Engel subsets are invariants under automorphisms)

o
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Proof of Heineken'’s result

Let z, g In a group and n > 1 an integer.
[xa?”H—l g] — Hxag]fn g} — [x_lg_lxgan g]
= [(¢71) gma] = [[(s7") 9, 9] m-14]

=[[(¢7)" 9] m-19] = [(¢7") s g]’
Therefore

[xan+1 g] — [(9—1):6% g}g
foralln >1andall x,g € G.
If g~1 € R(G), then (¢71)" € R(G) forany z € G
(all Engel subsets are invariants under automorphisms)
and so [(g71)",, g] = 1 for some n > 1
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Proof of Heineken'’s result

Let z, g In a group and n > 1 an integer.
[aja?”H—l g] — HZE,g],n g} — [aj_lg_lxgan g]
= [(¢71) gma] = [[(s7") 9, 9] m-14]

=[[(¢7)" 9] m-19] = [(¢7") s g]’
Therefore

Tl =[(g7") ]’

foralln >1andall x,g € G.

If g~1 € R(G), then (¢71)" € R(G) forany z € G

(all Engel subsets are invariants under automorphisms)
and so [(g71)",, g] = 1 for some n > 1 which implies that

[xm—i—l g] = 1.
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Proof of Heineken'’s result

Let z, g In a group and n > 1 an integer.
[37771—1—1 g] = Hxag]m g} — [w_lg_lxgm g]
=g 9mg]l =[[l¢7") 9.9]mn-14]
=[[(s7)" 9] n19] = [(g7) mog]’
Therefore

w19 = [(97) myg]”
foralln >1andall x,g € G.
If g~1 € R(G), then (¢71)" € R(G) forany z € G
(all Engel subsets are invariants under automorphisms)
and so [(g71)",, g] = 1 for some n > 1 which implies that
z,,1+19] = 1. Hence R(G)~! C L(G) or equivalently
R(G) C L(G)~ 1.
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Analogues of Baer Question for Left Normed Commutators

-

Question A.lIs R(G) C L(G) for any group G?

=
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Analogues of Baer Question for Left Normed Commutators

-

Question A.lIs R(G) C L(G) for any group G?

=

Question B.Is R(G) C L(G) for any group G?
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Analogues of Baer Question for Left Normed Commutators

-

Question A.lIs R(G) C L(G) for any group G?

=

Question B.Is R(G) C L(G) for any group G?

Question c.lIs R(G) C L(G) for any group G?
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Analogues of Baer Question for Left Normed Commutators

-

Question A.lIs R(G) C L(G) for any group G? T
Question B.Is R(G) C L(G) for any group G?
Question c.lIs R(G) C L(G) for any group G?

Question D. For which integer n > 1, R,,(G) C L(G) for any
group G?
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A Relation between Questions B and C

- .



A Relation between Questions B and C

o .

If the answer of Question B were positive, then the answer
of Question C would also be positive.

o -
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A Relation between Questions B and C

fIf the answer of Question B were positive, then the answer T
of Question C would also be positive.
Suppose that R, (G) C L(G) for any group G and any
iInteger n > 1.
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A Relation between Questions B and C

- .

f the answer of Question B were positive, then the answer
of Question C would also be positive.

Suppose that R, (G) C L(G) for any group G and any
iInteger n > 1. We show that there exists an integer & > 1
depending only on n such that R,(G) C L;(G) for any group
G.

o -
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A Relation between Questions B and C

- .

f the answer of Question B were positive, then the answer
of Question C would also be positive.

Suppose that R, (G) C L(G) for any group G and any
iInteger n > 1. We show that there exists an integer k£ > 1

depending only on n such that R,(G) C L;(G) for any group
G. Let

Gn = (@,y | [z,n X] =1 forall X € (z,y)).

o -
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A Relation between Questions B and C

fIf the answer of Question B were positive, then the answer T
of Question C would also be positive.
Suppose that R, (G) C L(G) for any group G and any
iInteger n > 1. We show that there exists an integer k£ > 1

depending only on n such that R,(G) C L;(G) for any group
G. Let

Gn = (@,y | [z,n X] =1 forall X € (z,y)).

Since by assumption R, (G,) C L(G,),
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A Relation between Questions B and C
- o

f the answer of Question B were positive, then the answer
of Question C would also be positive.

Suppose that R, (G) C L(G) for any group G and any
iInteger n > 1. We show that there exists an integer k£ > 1

depending only on n such that R,(G) C L;(G) for any group
G. Let

Gn = (@,y | [z,n X] =1 forall X € (z,y)).

Since by assumption R, (G,) C L(G,), we have |y, x| = 1 for
some k = k(n) depending only on n.

o -
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A Relation between Questions B and C

fIf the answer of Question B were positive, then the answer T
of Question C would also be positive.
Suppose that R, (G) C L(G) for any group G and any
iInteger n > 1. We show that there exists an integer k£ > 1

depending only on n such that R,(G) C L;(G) for any group
G. Let

Gn = (@,y | [z,n X] =1 forall X € (z,y)).

Since by assumption R, (G,) C L(G,), we have |y, x| = 1 for
some k = k(n) depending only on n. This implies that

1 = |b,;; a] for any right n-Engel element b and any element «
of an arbitrary group.

o -
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A Relation between Questions B and C

o .

If the answer of Question B were positive, then the answer
of Question C would also be positive.

Suppose that R, (G) C L(G) for any group G and any
iInteger n > 1. We show that there exists an integer & > 1
depending only on n such that R,(G) C L;(G) for any group
G. Let

Gn = (@,y | [z,n X] =1 forall X € (z,y)).

Since by assumption R, (G,) C L(G,), we have |y, x| = 1 for
some k = k(n) depending only on n. This implies that
1 = |b,;; a] for any right n-Engel element b and any element «
of an arbitrary group. Therefore Question C has also
positive answer. []

o -
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R, ¢ L,UL"
B

Theorem (Macdonald 1970) For any prime number p and
each multiple n > 2 of p, there Is a finite metabelian p-group
GG containing an element a € R,(G) such that a ¢ L, (G) and

a~? Z Ln(G)

=

o -
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R, ¢ L,UL"
—

fTheorem (Macdonald 1970) For any prime number p and
each multiple n > 2 of p, there Is a finite metabelian p-group
GG containing an element a € R,(G) such that a ¢ L, (G) and
a~? Z Ln(G)
Theorem (L.-C. Kappe 1981) If GG is a metabelian group
such that +,,41(G) does not contain elements of prime order
p<n-—1,then R,(G) C L,(G). However, for each n > 3 and
each prime p < n — 1 there exists a finite metabelian
p-group which contains an element which is right n-Engel
but not left n-Engel.

o -
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R, ¢ L,UL"
—

fTheorem (Macdonald 1970) For any prime number p and
each multiple n > 2 of p, there Is a finite metabelian p-group
GG containing an element a € R,(G) such that a ¢ L, (G) and
a~? Z Ln(G)
Theorem (L.-C. Kappe 1981) If GG is a metabelian group
such that +,,41(G) does not contain elements of prime order
p<n-—1,then R,(G) C L,(G). However, for each n > 3 and
each prime p < n — 1 there exists a finite metabelian
p-group which contains an element which is right n-Engel
but not left n-Engel.
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R, ¢ L, U L '—continued
B -



R, ¢ L, U L '—continued
B

Theorem (Newman & Nickel 1994) For every n > 5 thereT
IS a group which

— has a right n-Engel element ¢ and an element 4 such that
the commutator [b,,, a| has infinite order and in particular, no
non-trivial power of « is a left n-Engel element,

— IS nilpotent of class n + 2,

— Is abelian-by-(nilpotent of class 3)

— IS (nilpotent of class 2)-by-cyclic.
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R, C L, for small n



R, C L, for small n

-

e R5(G) C Lo(G) for any group G.



R, C L, for small n

-

e R5(G) C Lo(G) for any group G.
e 35(G) C Ly(G) for any group G.



R, C L, for small n

-

e R5(G) C Lo(G) for any group G.

=

e 35(G) C Ly(G) for any group G.

e If G is a group such that {(a, z) is nilpotent for all a € R4(G)
and all elements z € G, then R4(G) C L5(G).

o -
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R, C L, for small n

o .

e R5(G) C Lo(G) for any group G.
e 35(G) C Ly(G) for any group G.

e If G is a group such that {(a, z) is nilpotent for all a € R4(G)
and all elements z € G, then R4(G) C L5(G).

e If G is a group such that {(a, z) is nilpotent for all a € R5(G)
and all elements x € G, then R5(G) C Lg(G).

o -
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(1) L(G) is a subgroup of G.
(2) R(G) is a subgroup of G.



Major Problems of Engel Theory
=

Find conditions on a group G which will ensure that:

=

(1) L(G) is a subgroup of G.
(2) R(G) is a subgroup of G.

(3) L(G) is a subgroup of G.



Major Problems of Engel Theory

. .

(1) L(G) is a subgroup of G.

Ind conditions on a group G which will ensure that:

(2) R(G) is a subgroup of G.
(3) L(G) is a subgroup of G.

(4) R(G) is a subgroup of G.
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Major Problems of Engel Theory

. .

(1) L(G) is a subgroup of G.

Ind conditions on a group G which will ensure that:

(2) R(G) is a subgroup of G.
(3) L(G) is a subgroup of G.
(4) R(G) is a subgroup of G.

(5) L,(G)is asubgroup of GG for a given integer n > 1.

o -
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Major Problems of Engel Theory

. .

(1) L(G) is a subgroup of G.

Ind conditions on a group G which will ensure that:

(2) R(G) is a subgroup of G.
(3) L(G) is a subgroup of G.
(4) R(G) is a subgroup of G.
(5) L,(G)is asubgroup of GG for a given integer n > 1.

(6) R,(G)is asubgroup of G for a given integer n > 1.

o -
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Major Problems in General

-

e (Macdonald 1970) There exists a group G containing an
element a € R3(G) such that both a1, a? ¢ R3(G).

=
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Major Problems in General
=

e (Macdonald 1970) There exists a group G containing an
element a € R3(G) such that both a1, a? ¢ R3(G).

=

e (Nickel 1997) For any integer n > 3, there exists a
nilpotent group of class n + 2 containing a right n-Engel

element ¢ and an element b such that [a=!,,, b] = [a*,,, b] iS
non-trivial.

o -
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Major Problems in General

-

e (Macdonald 1970) There exists a group G containing an
element a € R3(G) such that both a1, a? ¢ R3(G).

=

e (Nickel 1997) For any integer n > 3, there exists a
nilpotent group of class n + 2 containing a right n-Engel

element ¢ and an element b such that [a=!,,, b] = [a*,,, b] iS
non-trivial.

e IS there a group G such that R(G) Is not a subgroup of G?

o -
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Major Problems in General

-

e (Macdonald 1970) There exists a group G containing an
element a € R3(G) such that both a1, a? ¢ R3(G).

=

e (Nickel 1997) For any integer n > 3, there exists a
nilpotent group of class n + 2 containing a right n-Engel

element ¢ and an element b such that [a=!,,, b] = [a*,,, b] iS
non-trivial.

e IS there a group G such that R(G) Is not a subgroup of G?

e Is there a group G such that R(G) is not a subgroup of G?

o -
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e (W.P. Kappe 1961). For any group G, R2(G) is a
characteristic subgroup of G.



Major Problems in General-continued

o .

e (W.P. Kappe 1961). For any group G, R2(G) is a
characteristic subgroup of G.

e For any integer n > 2, there exists a group G containing
two elements a,b € L, (G) such that ab ¢ L, (G).

o -
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Major Problems in General-continued

o .

e (W.P. Kappe 1961). For any group G, R2(G) is a
characteristic subgroup of G.

e For any integer n > 2, there exists a group G containing
two elements a,b € L, (G) such that ab ¢ L, (G).

e (Bludov 2005) There exists a group containing two left
Engel elements whose product is not a left Engel element.

o -
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e (A & Khosravi 2009) At least one of the following
assertions holds:



Major Problems in General-continued

o .

e (A & Khosravi 2009) At least one of the following
assertions holds:

The free 2-generated Burnside group of exponent 248 is
an k-Engel group for some integer k.

o -
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Major Problems in General-continued

o .

e (A & Khosravi 2009) At least one of the following
assertions holds:

The free 2-generated Burnside group of exponent 248 is
an k-Engel group for some integer k.

There exists a group G of exponent 24® generated by four
iInvolutions which is not an Engel group.

o -
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Major Problems in General-continued

o .

e (A & Khosravi 2009) At least one of the following
assertions holds:

The free 2-generated Burnside group of exponent 248 is
an k-Engel group for some integer k.

There exists a group G of exponent 24® generated by four
iInvolutions which is not an Engel group.

Problem. Prove that the free 2-generated Burnside group of
exponent 2*% is not a bounded Engel group.

o -
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nvoluions WNICh are Left Engel elements

-

Let = be an element of any group G such that z* = 1.

o [g.n2] = [g,2]2" forall g € G and all integers n > 1.
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nvoluions WNICh are Left Engel elements

-

Let = be an element of any group G such that z* = 1.

o [g.n2] = [g,2]2" forall g € G and all integers n > 1.

e If every commutator of weight 2 containing x is a
2-element, then x € L(G). In particular, if |G, G] Is a 2-group,
then z € L(G).

o -
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nvoluions WNICh are Left Engel elements

-

Let = be an element of any group G such that z* = 1.

o [g.n2] = [g,2]2" forall g € G and all integers n > 1.

e If every commutator of weight 2 containing x is a
2-element, then x € L(G). In particular, if |G, G| Is a 2-group,
then z € L(G).

e If every commutator of weight 2 involving z Is of order

dividing 2", then z € L, +1(G). In particular, if |G, G] Is of
exponent dividing 2", then x € L, 1(G).

o -
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nvoluions WNICh are Left Engel elements

-

Let = be an element of any group G such that z* = 1.

o [g.n2] = [g,2]2" forall g € G and all integers n > 1.

e If every commutator of weight 2 containing x is a
2-element, then x € L(G). In particular, if |G, G| Is a 2-group,
then z € L(G).

e If every commutator of weight 2 involving z Is of order

dividing 2", then z € L, +1(G). In particular, if |G, G] Is of
exponent dividing 2", then x € L, 1(G).

o -
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Applications

-

e Any 2-group GG generated by involutions satisfies the
condition (L(G)) = G.

=
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Applications
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e Any 2-group GG generated by involutions satisfies the
condition (L(G)) = G.

e Any group G of exponent 2* generated by involutions
satisfies the condition (L, 1(G)) = G.

o -
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Applications

o .

e Any 2-group GG generated by involutions satisfies the
condition (L(G)) = G.

e Any group G of exponent 2* generated by involutions
satisfies the condition (L, 1(G)) = G.

e Let A be any group of exponent 2" for some integer n > 1
and B be any group. Then any element of order 2 (if exists)
In the center of B is a left n + 1-Engel element of the
standard wreath product A: B of A by B.

o -
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Applications

o .

e Any 2-group GG generated by involutions satisfies the
condition (L(G)) = G.

e Any group G of exponent 2* generated by involutions
satisfies the condition (L, 1(G)) = G.

e Let A be any group of exponent 2" for some integer n > 1
and B be any group. Then any element of order 2 (if exists)
In the center of B is a left n + 1-Engel element of the
standard wreath product A: B of A by B.

o -

Alireza Abdollahi — Enael Elements in Groups — D. 18/-



Subgroups Related to Engel Sets
B o



Subgroups Related to Engel Sets
=

e The Hirsch-Plotkin radical H P(G) of a group G.
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Subgroups Related to Engel Sets
=

e The Hirsch-Plotkin radical H P(G) of a group G.

=

e The Gruenberg radical Gr(G) of a group G: the set of all
elements z such that (x) Is ascendant in G.
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Subgroups Related to Engel Sets

fo The Hirsch-Plotkin radical H P(G) of a group G. T

e The Gruenberg radical Gr(G) of a group G: the set of all
elements z such that (x) Is ascendant in G.

e The Baer radical B(G) of a group G: the set of alll
elements x such that (x) is subnormal in G.

o -
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Subgroups Related to Engel Sets

fo The Hirsch-Plotkin radical H P(G) of a group G. T

e The Gruenberg radical Gr(G) of a group G: the set of all
elements z such that (x) Is ascendant in G.

e The Baer radical B(G) of a group G: the set of alll
elements x such that (x) is subnormal in G.

¢ o(G)={a e G|Vred, (x)isascendantin (x)(a)"}.

o -

Alireza Abdollahi — Enael Elements in Groups — n. 19/-



Subgroups Related to Engel Sets

o .

e The Hirsch-Plotkin radical H P(G) of a group G.

e The Gruenberg radical Gr(G) of a group G: the set of all
elements z such that (x) Is ascendant in G.

e The Baer radical B(G) of a group G: the set of alll
elements x such that (x) is subnormal in G.

¢ o(G)={a e G|Vred, (x)isascendantin (x)(a)"}.

¢ 0(G)={aeG|In=n(a) e NVx €
G (x) is subnormal in (z){a)“ of defect at most n}.

o -
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Groups with “good” Engel Structures-|

e (Baer) If G satisfies Max, then L(G) = L(G) = Fitt(G) and
R(G) = R(G) = (,»(G) for some integer m > 1.



Groups with “good” Engel Structures-|

-

e (Baer) If G satisfies Max, then L(G) = L(G) = Fitt(G) and
R(G) = R(G) = (,»(G) for some integer m > 1.

e (Plotkin) Let G be a group having an ascending series
whose factors satisfy Max locally. Then L(G) = HP(G).

o -

Alireza Abdollahi — Enael Elements in Groups — D. 21/



Groups with “good” Engel Structures-|

-

e (Baer) If G satisfies Max, then L(G) = L(G) = Fitt(G) and
R(G) = R(G) = (,»(G) for some integer m > 1.

e (Plotkin) Let G be a group having an ascending series
whose factors satisfy Max locally. Then L(G) = HP(G).

e (Peng) If G satisfies Max on abelian subgroups, then
L(G) = L(G) = Fitt(G) and R(G) = R(G) = (n(G) for some
iInteger m > 1.

o -
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Groups with “good” Engel Structures-|

-

e (Baer) If G satisfies Max, then L(G) = L(G) = Fitt(G) and
R(G) = R(G) = (,»(G) for some integer m > 1.

e (Plotkin) Let G be a group having an ascending series
whose factors satisfy Max locally. Then L(G) = HP(G).

e (Peng) If G satisfies Max on abelian subgroups, then
L(G) = L(G) = Fitt(G) and R(G) = R(G) = (n(G) for some
iInteger m > 1.

e (Gruenberg) If G is a soluble group, then L(G) = HP(G),
L(G) = B(G), R(G) = o(G) and R(G) = o(G).

o -
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Groups with “good” Engel Structures-Ii

f Let G be a group satisfying minimal condition on its T
abelian subgroups. Then L(G) = Fitt(G).
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abelian subgroups. Then L(G) = Fitt(G).

If G Is a radical group, then L(G) = HP(G).



Groups with “good” Engel Structures-Ii

f Let G be a group satisfying minimal condition on its T
abelian subgroups. Then L(G) = Fitt(G).

If G Is a radical group, then L(G) = HP(G).

e (Robinson) If G Is a radical group, R(G) Is a locally nilpotent
subgroup of G.

o -
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Groups with “good” Engel Structures-Ii

f Let G be a group satisfying minimal condition on its T
abelian subgroups. Then L(G) = Fitt(G).

If G Is a radical group, then L(G) = HP(G).

e (Robinson) If G Is a radical group, R(G) Is a locally nilpotent
subgroup of G.

e (Wehrfritz) Let G be a group of finitary automorphisms of a
module over a commutative ring with identity. Then

L(G) = Gr(Q), T(G) = B(G), R(G) = o(G) and R(G) = 3(Q).

o -
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Groups with “good” Engel Structures-Ii

f Let G be a group satisfying minimal condition on its T
abelian subgroups. Then L(G) = Fitt(G).

If G Is a radical group, then L(G) = HP(G).

e (Robinson) If G Is a radical group, R(G) Is a locally nilpotent
subgroup of G.

e (Wehrfritz) Let G be a group of finitary automorphisms of a
module over a commutative ring with identity. Then

L(G) = Gr(G), L(G) = B(G), R(G) = o(G) and R(G) = 2(G).
G < FAutgpM ={g € AutgM : M(g—1)is R — Noetherian}
< AutRM.

o -
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Plotkin’s Lemma-|

=

fLet G be an arbitrary group and g € L(G). Then there exists
a sequence of subgroups

H <Hy<---<Hp,<--

In G satisfying the following conditions:

o -
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Plotkin’s Lemma-|

=

fLet G be an arbitrary group and g € L(G). Then there exists
a sequence of subgroups

Hi<Hy<:---<Hp<---
In G satisfying the following conditions:

e H; Is nilpotent for all integers : > 1.

o -
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Plotkin’s Lemma-|

=

fLet G be an arbitrary group and g € L(G). Then there exists
a sequence of subgroups

Hi<Hy<:---<Hp<---
In G satisfying the following conditions:

e H; Is nilpotent for all integers : > 1.
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Plotkin’s Lemma-|

=

fLet G be an arbitrary group and g € L(G). Then there exists
a sequence of subgroups

Hi<Hy<:---<Hp<---
In G satisfying the following conditions:

e H; Is nilpotent for all integers : > 1.

e H,isnormalin H;, forall i > 1.

o -

Alireza Abdollahi — Enael Elements in Groups — D. 23/-



Plotkin’s Lemma-|

-

fLet G be an arbitrary group and g € L(G). Then there exists
a sequence of subgroups

Hi<Hy<:---<Hp<---
In G satisfying the following conditions:

e H; Is nilpotent for all integers : > 1.

e 1 = (g) and for each i > 2, H; = (H;_1, g"*) for some
h; € G.

e H;is normal in H;,4 forall : > 1.

e there is an integer n > 1 such that H,.; = H,, if and only if
| H, is a normal subgroup of G. .
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Plotkin’s Lemma-l|

-

e Let H be anilpotent subgroup of any group  such that
H = (H N L(G)). If His not normal in G, then there is an element

2z € Ng(H) \ H which is conjugate to some element of H N L(G).

-

o -

Alireza Abdollahi — Enael Elements in Grouns — p. 24/-



Plotkin’s Lemma-l|

-

e Let H be anilpotent subgroup of any group  such that
H = (H N L(G)). If His not normal in G, then there is an element

2z € Ng(H) \ H which is conjugate to some element of H N L(G).

-

Let H be a finite cyclic subgroup generated by g € L(G).

o -
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Plotkin’s Lemma-l|

o .

e Let H be anilpotent subgroup of any group  such that
H = (H N L(G)). If His not normal in G, then there is an element
2z € Ng(H) \ H which is conjugate to some element of H N L(G).

Let H be a finite cyclic subgroup generated by g € L(G).
Since H i1s not normal, there Is an element x € GG such that

g* ¢ H.

o -
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Plotkin’s Lemma-l|

-

e Let H be anilpotent subgroup of any group  such that
H = (H N L(G)). If His not normal in G, then there is an element
2z € Ng(H) \ H which is conjugate to some element of H N L(G).

-

Let H be a finite cyclic subgroup generated by g € L(G).
Since H is not normal, there is an element x € G such that
g* ¢ H. Thus |z, g| ¢ H and since g € L(G), there exists an
iInteger n > 2 such that |x,, g| = 1.

o -
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Plotkin’s Lemma-l|

-

e Let H be anilpotent subgroup of any group  such that
H = (H N L(G)). If His not normal in G, then there is an element
2z € Ng(H) \ H which is conjugate to some element of H N L(G).

-

Let H be a finite cyclic subgroup generated by g € L(G).
Since H is not normal, there is an element x € G such that
g* ¢ H. Thus |z, g| ¢ H and since g € L(G), there exists an
integer n. > 2 such that [z, g| = 1. It follows that there Is a
positive integer k£ such that [z, g| € H but [z, g] € H.

o -
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Plotkin’s Lemma-l|

-

e Let H be anilpotent subgroup of any group  such that
H = (H N L(G)). If His not normal in G, then there is an element
2z € Ng(H) \ H which is conjugate to some element of H N L(G).

-

Let H be a finite cyclic subgroup generated by g € L(G).
Since H is not normal, there is an element x € G such that
g* ¢ H. Thus |z, g| ¢ H and since g € L(G), there exists an
integer n > 2 such that |z,,, g| = 1. It follows that there is a
positive integer k£ such that [z, g| € H but [z, g] € H.
Since [z,5.1 9] = ¢ ®*9g € H and ¢ € H, we have that

g[xakg] - H.

o -
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Plotkin’s Lemma-l|

-

e Let H be anilpotent subgroup of any group  such that
H = (H N L(G)). If His not normal in G, then there is an element
2z € Ng(H) \ H which is conjugate to some element of H N L(G).

-

Let H be a finite cyclic subgroup generated by g € L(G).
Since H is not normal, there is an element x € G such that
g* ¢ H. Thus |z, g| ¢ H and since g € L(G), there exists an
integer n > 2 such that [z,, g| = 1. It follows that there Is a
positive integer k£ such that [z, g| € H but [z, g] € H.

Since [z,;41 9] = g~ **9lg € H and g € H, we have that
glz+dl ¢ H. This implies that Hl*+9 < H and since H is
finite, [:C,k g] S Ng<H) \ H.

o -
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Plotkin’s Lemma-l|

o .

e Let H be anilpotent subgroup of any group  such that
H = (H N L(G)). If His not normal in G, then there is an element
2z € Ng(H) \ H which is conjugate to some element of H N L(G).

Let H be a finite cyclic subgroup generated by g € L(G).
Since H is not normal, there is an element = € G such that
g* ¢ H. Thus |z, g| ¢ H and since g € L(G), there exists an
integer n > 2 such that |z,,, g| = 1. It follows that there is a
positive integer k£ such that [z, g| € H but [z, g] € H.
Since [z,,.1 9] = g~ *+9¢g € H and g € H, we have that
gzl € H. This implies that H=+9] < H and since H is
finite, (., g/ € Ne:(H)\ H. Hence gl*+*19 ¢ No(H)\ H is the
required element.

o -

Alireza Abdollahi — Enael Elements in Grouns — p. 24/-



Groups with less known Engel Structures

- .



Groups with less known Engel Structures

-

e Groups of finite rank

-

o -
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Groups with less known Engel Structures

-

e Groups of finite rank

-

e Residually finite groups

o -
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Groups with less known Engel Structures

-

e Groups of finite rank

-

e Residually finite groups

e Totally orderable groups
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Groups with less known Engel Structures

-

e Groups of finite rank

-

e Residually finite groups
e Totally orderable groups

e Radical groups
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Groups with less known Engel Structures

-

e Groups of finite rank T
e Residually finite groups
e Totally orderable groups
e Radical groups

e Groups with minimal condition on abelian subgroups
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Groups with less known Engel Structures

-

e Groups of finite rank T
e Residually finite groups
e Totally orderable groups
e Radical groups

e Groups with minimal condition on abelian subgroups

e Groups of invertible matrices over non-commutative rings

o -
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Groups with less known Engel Structures

-

e Groups of finite rank T
e Residually finite groups

e Totally orderable groups

e Radical groups

e Groups with minimal condition on abelian subgroups

e Groups of invertible matrices over non-commutative rings

e Groups of finite prime power exponent

o -
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Right 3-Engel Elements

o (Newell) Let G be any group and = € R3(G). Then (z)¢ is
a nilpotent group of class at most 3.

o -
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Right 3-Engel Elements
- o

e (Newell) Let G be any group and z € R3(G). Then (x)
a nilpotent group of class at most 3.

Let G be a group such that v5(G) has no
element of order 2. Then R3(G) Is a subgroup of G. In
particular, the set of right 3-Engel elements forms a
subgroup in any group without elements of order 2.

o -
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Right 4-Engel Elements-|
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e Question. What Is the least positive integer n such that
R, (G) € Fitt(G) for some group G?

-

o -
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-

e Question. What Is the least positive integer n such that
R, (G) € Fitt(G) for some group G?

-

e Question. Let ¢ be an arbitrary group. Is it true that
R4(G) C Fitt(G)?

o -
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Right 4-Engel Elements-|
=

e Question. What Is the least positive integer n such that
R, (G) € Fitt(G) for some group G?

=

e Question.

¢ (A & Khosravi) Let G be any group. If « € G and both
b,b=1 € R4(G), then (a,a’) is nilpotent of class at most 4.

o -
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f. (A & Khosravi) Let G be a {2, 3,5}-free group such that T
(a,b,x) 1S nilpotent for all a,b € R4(G) and for any x € G.
Then R4(G) Is a nilpotent group of class at most 7. In
particular, the normal closure of every right 4-Engel element
of G is nilpotent of class at most 7.

o -
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f. (A & Khosravi) Let G be a {2, 3,5}-free group such that T
(a,b,x) IS nilpotent for all a,b € R4(G) and for any x € G.
Then R4(G) Is a nilpotent group of class at most 7. In
particular, the normal closure of every right 4-Engel element
of G Is nilpotent of class at most 7.

e (A & Khosravi) Let G be any group, a,b € R4(G) and
r € G. If {(a,b, ) 1S a nilpotent {2, 3, 5}-free group, then
(a,b, x) 1S a 4-Engel group of class at most 7.

o -
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-

e Question. What Is the least positive integer n such that
L,(G) & HP(G) for some group G? 3 <n < 13

-

o -
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-

e Question. What Is the least positive integer n such that
L,(G) & HP(G) for some group G? 3 <n < 13

-

e Question. Let ¢ be an arbitrary group. Is it true that
L3(G) C HP(G)?

o -
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o .

e Question. What Is the least positive integer n such that
L,(G) & HP(G) for some group G? 3 <n < 13

e Question.

e (A) For an arbitrary group G, L3(G) consists of elements
r € G such that (z, 2Y) Is nilpotent of class at most 2 for all
y € GG. In particular, every power of a left 3-Engel element is
also a left 3-Engel element and (G)Ls = L3(G).

o -
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fo (A) Let p be any prime number and G be a group. If T
r € L3(G) and zP" = 1 for some integer n > 1, then (zP)% is
soluble of derived length at most n» — 1 and x? € B(G). In

particular, (z?)% is locally nilpotent.

o -
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-

e (A) Let p be any prime number and G be a group. If

x € L3(G) and 2P" = 1 for some integer n > 1, then (2% is
soluble of derived length at most n» — 1 and x? € B(G). In
particular, (z?)% is locally nilpotent.

-

¢ (A) Let G be any group and a,b € L3(G). Then (a,b) IS
nilpotent of class at most 4.

o -
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-

e (A) Let p be any prime number and G be a group. If

x € L3(G) and 2P" = 1 for some integer n > 1, then (2% is
soluble of derived length at most n» — 1 and x? € B(G). In
particular, (z?)% is locally nilpotent.

-

¢ (A) Let G be any group and a,b € L3(G). Then (a,b) IS
nilpotent of class at most 4.

o -
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-

e (A) Let G be an arbitrary group. If both ¢ and «~! belong to
L4(G), then (a,a’) is nilpotent of class at most 4 for all b € G.

o -
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-

e (A) Let G be an arbitrary group. If both ¢ and «~! belong to
L4(G), then (a,a’) is nilpotent of class at most 4 for all b € G.

e (A) Let G be a group. If both ¢ and «~! belong to L4(G)
and « Is a p-element for some prime p, then (1) Ifp =2
then a* € B(G).

(2) If pis an odd prime, then o € B(G).

o -
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Nilpotent Groups Generated by bounded right Engel elements

-

e Question. Is there a function r : N x N — N such that every
nilpotent group generated by d right k-Engel elements Is
nilpotent of class at most r(d, k)?

o -
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Nilpotent Groups Generated by bounded right Engel elements

o .

e Question. Is there a function r : N x N — N such that every
nilpotent group generated by d right k-Engel elements Is
nilpotent of class at most r(d, k)?

r(d,2) =d, r(d,3) = 3d and for nilpotent {2, 3, 5}-free groups
we have r(d, 4) < 7d.

o -
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Nilpotent Groups Generated by bounded right Engel elements

f- Question. Is there a function » : N x N — N such that everyT

nilpotent group generated by d right k-Engel elements Is
nilpotent of class at most r(d, k)?

r(d,2) =d, r(d,3) = 3d and for nilpotent {2, 3, 5}-free groups
we have r(d, 4) < 7d.

e Question. Is there a function 7 : N x N — N such that every

nilpotent group generated by d left k-Engel elements is
nilpotent of class at most ¢(d, k)?

o -
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Nilpotent Groups Generated by bounded right Engel elements

f- Question. Is there a function » : N x N — N such that everyT

nilpotent group generated by d right k-Engel elements Is
nilpotent of class at most r(d, k)?

r(d,2) =d, r(d,3) = 3d and for nilpotent {2, 3, 5}-free groups
we have r(d, 4) < 7d.

e Question. Is there a function 7 : N x N — N such that every

nilpotent group generated by d left k-Engel elements is
nilpotent of class at most ¢(d, k)?

0(d,2) = d

o -
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Powers of Rightk-Engel Elements and terms of Upper Central Serie
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Powers of Rightk-Engel Elements and terms of Upper Central Serie

o .

e (Levi & W. P. Kappe/MacDonald & Neumann) Let G be
any group. If a € Ro(G), then a? € (3(G).

o -
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Powers of Rightk-Engel Elements and terms of Upper Central Serie

o .

e (Levi & W. P. Kappe/MacDonald & Neumann) Let G be
any group. If a € Ro(G), then a? € (3(G).

e Question. Are there positive integers m, n such that
a" € (n(G) for any a € R3(G) and for any group G?

o -
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An Application of Zel’manov’s Theorems in Engel theory

- .
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An Application of Zel’manov’s Theorems in Engel theory

-

e (Shalev) There is a function g : N x N — N such that for
any d-generated nilpotent group G and any normal
subgroup H of G with H C R,(G), we have H C (;, ) (G).

=

o -
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An Application of Zel’manov’s Theorems in Engel theory

-

e (Shalev) There is a function g : N x N — N such that for
any d-generated nilpotent group G and any normal
subgroup H of G with H C R,(G), we have H C (;, ) (G).

=

e Question. Are there functions ¢,e : N — N such that for any
nilpotent group G and any normal subgroup H of G with

H C Ry(G), we have H"™ C (.,\(G)?

o -
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